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We address the following unknotting conjecture for graphs. If G is a planar graph embedded 
in S3 so that n,(S3 - G) is free and G is locally unknotted (proper subgraphs are planar), then 
G is unknotted. We prove the conjecture when G is any embedding of a theta-curve, handcuff, 
or “double f7”, and for infinitely many other graphs which are a “sum” of graphs which satisfy 
the conjecture. We also give examples of minimally knotted graphs and develop an algorithm 
which reduces a trivalent graph to a link such that if the link is nonplanar, then the original graph 
is nonplanar embedded. 
AMS (MOS) Subj. Class.: 57M25, 57M15, 57M35 
nonplanar graphs stereochemical topology 
knotted graphs knot theory 
We are interested in the knot theory of graphs (l-dimensional polyhedra) in 
3-space. Questions about graphs arise naturally as generalizations of questions about 
knots and links. Also, chemists have begun synthesizing chemical species whose 
molecular graphs are embedded in space in topologically nontrivial ways; their 
work suggests, sometimes explicitly asks, questions about the knot theory of graphs 
(see [28-30, 351 and references therein). 
Much of what we know about how graphs knot in S’ has been learned accidentally, 
e.g. by studying Heegaard splittings and cubes with holes. But a few researchers 
have studied graphs qua graphs. Conway and Gordon have shown [3] that each 
embedding of the complete graph on 6 points, K,, contains a nontrivial link, while 
each embedding of K, must contain a nontrivial knot. Kinoshita [ 14-161 and Suzuki 
[31-341 have studied graphs, especially from the point of view of Fox’s free 
differential calculus and elementary ideals of presentations of the knot group (i.e., 
the fundamental group of the complement of the graph). More recently, Kinoshita 
[ 171 has shown that it is possible to embed certain graphs in S3 with the knot types 
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of all the simple closed curves in the graph specified a priori. The authors [28-30, 
36, 371 have used cyclic branched covers to distinguish knottings and in particular 
prove various graphs chiral. A deeper understanding of chirality has been obtained 
by Flapan [4,6] who has explored flexible versus rigid symmetries and has shown 
that all embeddings of certain graphs into 3-space must be chiral. In [36,37], among 
other results, the problem of deciding whether or not a theta-curve or a “handcufl 
graph” (two circles joined by an arc, see Fig. l(a)) in S3 is unknotted, that is ambient 
isotopic to a planar embedding, is reduced to the problem of deciding if any of a 
few knots or links is nontrivial. (Note that for planar graphs, we can call any planar 
embedding “unknotted” since all planar embeddings are equivalent in 3-space [22].) 
Sometimes a graph looks like the l-skeleton of an embedded 2-complex. This is 
made precise in [l], where it is shown that under appropriate conditions, a graph 
may carry along with it a well-defined 2-complex that also can be used to detect 
knotting and chirality. Recently, Litherland has developed [19] an (n - I)-variable 
Alexander polynomial for &,-curves (B-curves and, more generally, two points joined 
by n arcs, see e.g. Fig. 8) that distinguish many &curves including mirror images. 
Other investigators (Kauffman [12], Millett and Jonish [ll], and Yamada [38]) 
have defined polynomials (in the spirit of the “HOMFLY” polynomial [9]) that are 
“rigid vertex” invariants of knotted graphs. 
(b) 
Fig. 1. Knotted embeddings (with free knot groups). 
Of special interest are those graphs that are knotted in minimal ways, analogous 
to Brunnian links. For example, an obvious first line of attack on deciding if two 
graphs are equivalently embedded is inspecting the various simple closed curves in 
the graphs to see if the various knot types encountered will make the desired 
distinction. If the graphs contain no nontrivial knots or links, the problem becomes 
more interesting. An embedding of a planar graph G in 3-space is locally unknotted 
if each proper subgraph of G is unknotted. If G is knotted but locally unknotted, 
we call G minimally knotted. 
The approaches to graphs via elementary ideals can be useful for graphs whose 
knot groups are not free. Kinoshita’s &curve G [14-161, shown in Fig. 2, contains 
no knot, but n,(S3 - G) is not free and hence the graph is (minimally) knotted. 
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Fig. 2. Kinoshita’s theta-curve. 
What if the knot group of a graph is free? It follows from the loop theorem/Dehn’s 
lemma that a knot or link is trivial if and only if its knot group is free and it seems 
natural to ask if there is a similar unknotting theorem for more general graphs. An 
unknotted embedding of a planar graph must have a free knot group; why does not 
free knot group imply unknotted? 
There are well-known examples of graphs (see Fig. 1) that are nonplanar despite 
having free knot groups. These graphs are nonplanar because they contain knots 
or links. We suggest the following unknotting conjecture for planar graphs in general. 
Conjecture I (unknotting conjecture for planar graphs). If G is a planar graph 
embedded in S3 so that rr,(S3 - G) is free and G is locally unknotted, then G is 
unknotted. 
Conjecture II. If G is a planar graph embedded in S3 such that rr,( S3 - H) is free 
for every subgraph H of G, then G is unknotted. 
The above conjectures are equivalent. 
Proof. First assume that Conjecture I is true. We use induction on the size of G. 
That is, assume Conjecture II is true for all proper subgraphs H of G. If G is an 
arc or a knot, then Conjecture II is true. We only need verify that the hypothesis 
of Conjecture I is true. Since n,(S3- H) is free for every subgraph H of G, in 
particular 7r,(S3 - G) is free. Also, G is locally unknotted since if H is a proper 
subgraph of G, our induction hypothesis implies H is unknotted. Conjecture I now 
implies that G is unknotted. Thus Conjecture II is true. 
Conversely, if rr,( S3 - G) is free and G is locally unknotted, then the hypothesis 
of Conjecture II is satisfied so G is unknotted and thus Conjecture I is true. 
We show in Theorems 2.1, 2.2 and 2.3 that the unknotting conjecture is correct 
for any handcuff graph, 0-curve, or “double 8” (Fig. 3(c)). Also, a recent result of 
Gordon [lo] implies that any bouquet of circles S’ v . . . v S’ satisfies the conjecture. 
As a scholium to the proofs in Section 2, we can build infinitely many other graphs, 
for which the unknotting conjecture holds, by showing that certain kinds of sums 
of graphs satisfying the conjecture must themselves satisfy it. But we do not have 
a proof that works for all planar graphs.’ 
’ Using different methods (less algebraic and more geometric), Scharlemann and Thompson [26] have 
recently proven the conjecture in the general case. 
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(a) 
Fig. 3. Standard positions for various graphs. 
It seems natural to conjecture that each planar graph has a minimally knotted 
embedding.2 However, finding such embeddings becomes more difficult as the graphs 
get larger; the number of subgraphs to be controlled grows rapidly. We have a 
method for tangling up the edges of any planar graph that yields locally unknotted 
embeddings that appear to be nonplanar. Our problem is then to show that the 
whole graphs are knotted. In Section 3, we verify several examples of such knottings: 
a family [33] of &-graphs (Fig. 8), a wedge of n circles (Fig. 9), a double theta 
(Fig. 16) and a complete graph K4 (Fig. 17). 
We prove the K4 and the double theta-graphs nonplanar by developing an 
inductive algorithm that starts with any trivalent graph G and produces a graph 
* A. Kawauchi [13] has announced a proof of the existence of such embeddings. 
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G,, that is trivalent, has fewer vertices than G, and for which G,, nonplanar embedded 
implies G nonplanar embedded. The knotting of the wedge of n circles is verified 
in a manner similar to Kinoshita and Suzuki, by elementary ideals of a presentation 
of the knot group. The fact that double thetas obey our unknotting conjecture implies 
that the knot group of Example 3.8 is not free. To ensure that the &graph of 
Example 3.9 is not a counterexample to the unknotting conjecture, we also verify 
that the group is not free (an alternate proof of knottedness) by using elementary 
ideals. 
2. Unknotting theorems 
In this section, we establish the unknotting conjecture for several graph types 
(Handcuff graphs, theta-curves, double theta-curves, and certain “sums” of these 
basic graphs). 
Theorem 2.1. If G is a handcuflgraph such that 
(1) the 2-component link J, u J2 contained in G is trivial, and 
(2) the knot group QT, (S3 - G) is free, 
then G is unknotted. 
Proof. Any handcuff in S’ can be isotoped into the normal form shown in Fig. 3(a), 
a certain tree plus a tangle (B, t). (Here B is a cube and t is a finite number, in this 
case 2, of pairwise disjoint properly embedded arcs in B. See [2, 181 for discussion 
of “tangles”.) The labels a, b denote the two strings of the tangle. We wish to show 
that the tangle (B, t) is trivial in the strong sense that there is an isotopy rel aB 
straightening the arcs a, b. Extending such an isotopy by the identity off B will 
provide an ambient isotopy of G to a planar embedding. 
Let C be the “equatorial” simple closed curve on aB shown in Fig. 4 and let e 
(Fig. 3(a)) be the arc of G that connects the simple closed curves J, and Jz. The 
group n,(S3 - (J1 u J2)) is obtained from the group rr,(S, - G) by cutting the edge 
e, that is adding the relation [C] = 1. Since both of these groups are, by hypothesis, 
free (so, by homology, free of rank 2), and since finitely generated free groups are 
Hopfian, we must have [C] = 1 in Z-,(S’- G). But r,(S3- G) = QT,(B - t), so C = 1 
Fig. 4. Finding a disk that separates tangle strings. 
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in B-r. Thus, by Dehn’s lemma, C bounds a properly embedded disk D in B 
missing t = a u b. The disk D may be isotoped rel aB in the 3-ball B to the disk fi 
shown in Fig. 4. Let a^, 6 denote the resulting tangle strings and let B,, Bb denote 
the two cubes into which 6 cuts B. By hypothesis, each simple closed curve J,, J2 
is unknotted in 3-space, hence the arcs a^, 6 are unknotted in B, and Bb respectively. 
So we can straighten out a^ and 6 by an isotopy rel aB, u 8Bb. 0 
Theorem 2.2. If G is a e-curve such that 
(1) each of the simple closed curves in G is unknotted, and 
(2) the knot group rI( S3 - G) is free, 
then G is unknotted. 
Proof. As in Theorem 2.1 we begin by putting G in the standard position shown 
in Fig. 3(b). Our goal is to show that the strings a, b can be straightened at the 
possible expense of introducing a 2-braid as illustrated in Fig. 5(d). Such a braid 
can be eliminated by swiveling the graph at vertex p. 
Fig. 5. Unknotting a theta-curve. 
Let F denote the top face of the cube B, BO the noncompact manifold B - t, and 
let FO = (a&,) n F = F - (a u b), a twice punctured disk. Choose a basepoint for 
r,(F,) and T,(B,)=T,(S~-G) in F,, and let LY, p denote meridians of a, b based 
at that point (Fig. 5(a)). 
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The group .lr,(S3 - G) is, by hypothesis, free; denote this free group of rank 2 by 
(x, y). If we cut the string a, cut the string b, or cut the edge e, that is add the 
relation (Y = 1, B = 1, or aB = 1 respectively to (x, y), we obtain the knot group of 
one of the three simple closed curves in G. Each of these three groups is, by the 
locally unknotted hypothesis, cyclic. Also, cutting both strings a, b gives us rr,(S3- 
tree) which is trivial. Thus (x, y)/a =(x, y)/B =(x, y)/c@ = Z and (x, y>/{q B} = 1. 
Lemma 2.2.1 below states that under these conditions, {cy, B} is a free basis for 
(x, y); so rr,(F,) + rr,(BJ is surjective. 
We now construct a spanning disk D of B, separating string a from 6. Let C, be 
the arc on the front, bottom, and back faces of B shown in Fig. 5(b). Since 
rr,(F,,) + r,(BJ is surjective, there exists a path C, in F, connecting the endpoints 
of C, such that the loop C = C, + Cz is nullhomotopic in BO. We apply the loop 
theorem/Dehn’s lemma to C, but we need to make sure that the resulting disk will 
indeed separate a from b. To this end, let P be the interior of the straight arc in 
the bottom face of B joining the endpoints of a and b, and let N be the normal 
subgroup of T~(~B,,) consisting of all loops having algebraic intersection = O(mod 2) 
with P. The loop C is in ker(r,(aB,)+ rr,(B,,)) - N. Hence, by the loop theorem 
and Dehn’s lemma, there exists a simple closed curve C in c?B, such that [C]a N 
* 
and C = aD, where 6 is a properly embedded disk in BO. Since the curve C intersects 
P algebraically an odd number of times, 6 separates a from b in B. (Alternatively 
as suggested by Litherland, one can show that any simple closed curve C in 
A 
ker(m,(aB,J+ r,(B,)) will work, by considering how C separates the endpoints 
au u ab on aB.) 
We complete the proof by using the assumption that G is locally unknotted a 
second time. Since, by hypothesis, the strings a, b are individually unknotted in B 
and we now have a spanning disk 6 separating a from b, the tangle t is “rational” 
[2], i.e., “untangled” [18]-there is a homeomorphism from (B, t) to a trivial 
tangle. But the numerator knot of the tangle (B, t) is just the (un)knot G - e. As 
noted in [37, Lemma 3.71, it is shown in [24] that the only rational tangles with 
trivial numerator knots are 2-braids. Thus (B, t) must be as in Fig. .5(c) and we can 
pass the 2-braid outside the tangle box (Fig. 5(d)) to unknot G. 0 
Lemma 2.2.1. If a, /3 are elements of the free group of rank 2, F2, such that FJa = 
F2/P~FF2/crp~Z,undF,/{cu,p}~l, then {a,@} isu busisforF,. 
Proof. We first collect some facts about free groups. Let F denote a free group. An 
element of F is called a primitive if there exists a free basis containing that element. 
If p, q are primitive elements of F, then there exists an automorphism of F taking 
p to q. If two words u, v, written in terms of a basis {x,, . . . ,x,> for F, define 
conjugate elements of F, then [21, Theorem 1.3, Section 1.41 cyclic reductions of u 
and v must be cyclic permutations of one another. A deep result is [21, Theorem 
N3, Section 3.51 or [20, Proposition 5.10, Section II-51 if p is a nontrivial element 
of F such that F/p is free, then p is primitive in F. Finally, in the special case of 
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rank 2, we have the following consequence [25, Corollary 3.21 of work of Nielsen: 
If p, q are primitives in F2 with the same Abelianization, then p and q are conjugate 
in F2. 
Let {x, y} be a basis for F2. Since F,/a = 2, (Y is primitive (likewise p and @ 
are primitive), so there exists an automorphism of F2 taking (Y to x. Since the desired 
conclusion, that {(u, /3} is a basis, is unchanged by automorphism, we may assume 
without loss of generality that (Y = x. Since F2/{x, /3} = 1, p has Abelianization xnyE 
for some integer n and F = *l. Using the automorphism x + x, y + y-r, we may 
assume E = 1. Since /3 and x”y are primitives with the same Abelianization, they 
must be conjugate. Thus for some W in F2, p = W-‘x”yW. Similarly, x/3 (that is 
Q?) and x”+’ y are primitives with the same Abelianization, so for some V in F,, 
xp = V-‘xn+’ yV; that is, xW-‘x”y W = VP1xn+’ yV. We show in the next paragraph 
that this last equation implies that W must be of the form (~“y)~x”‘, for some p E Z, 
from which it is clear that {x, W-‘x”yW} is a basis for F2. 
Let z = x”y and use the automorphism x + x, y + z to restate the above claim as: 
x W-‘z W = VP’xzV implies W = zSxm (now V, W are words in x and z). According 
to the conjugacy theorem for free groups cited earlier, xWP’zW must cyclically 
reduce to xz or zx. If W = z’x”‘, this occurs. But if W = xmzS (m, s nonzero) or W 
has three or more syllables, then any cyclic reduction of xW-‘zW has at least six 
syllables. 0 
Theorem 2.3. If G is a double O-graph (see Fig. 3(c)) such that G is locally unknotted 
and r, (S3 - G) is free, then G is unknotted. 
Proof. As in the previous theorems, we begin by putting G in the standard position 
shown in Fig. 3(c). Our goal is to show that the 3-tangle (B, t) must be of the kind 
illustrated in Fig. 6: two of the strings b, c contained as a 2-braid in the solid tube 
T3, with T3 and the remaining string, a, simply twisted some number of times as 
another %-braid. Such braiding can be undone by swiveling at the vertices of G, so 
any embedding like this is planar. 
Fig. 6. Typical tangle for unknotted double theta. 
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We begin constructing T3 by choosing disks D, , D2 that will be the endcaps. Let 
D, be a disk in the top face of B containing the top endpoints of b, c but missing 
a, and let D2 be similarly placed in the bottom face of B. 
Next we find an annulus joining dD, to dD2. The curve J, = aD, is freely homotopic 
in S3 - G to a meridian encircling the edge e (Fig. 3(c)). Thus J, is (homologically, 
hence) homotopically nontrivial in S3 - G = B - t. Also, m,( B - t)/J, is just the knot 
group of the handcuff graph G - e which, by the locally unknotted hypothesis, is 
free (of rank 2). Since rr,( B - t) is free, it follows (see first paragraph of proof of 
Lemma 2.2.1) that J, is primitive (and so is any element of rTTI( B - t) in the conjugacy 
class determined by J,) in rl(B - t). Similarly, J2 = dD, is freely homotopic to a 
meridian about the edge f; so J2 is primitive as well. As in the proof of Theorem 
2.1, if we cut or delete edge e, J2 becomes nullhomotopic since n,(S3 - (G - e)) and 
r,(S3 - (G - e-f)) are both free of rank 2. Thus J2 = 1 in n,(S3 - G)/ J, . Since the 
J, are primitives, the conjugacy theorem for l-relator groups [21, Theorem 4.11, 
Section 4.41 or [20, Proposition 5.14, Section II-51 says J2 is conjugate to J;‘. We 
now invoke the generalized Dehn’s lemma of [27] to conclude that there exists an 
annulus A in B - t bounded by dD, u dBz. 
The 2-sphere D, u Au D, bounds a 3-cell in B, call it T3. Since dT3 is pierced 
by extensions of strings b, c and disjoint from a, we see that T3 contains b, c and 
misses a. We now wish to analyze the 2-tangle ( T3, b u c) and the “2-tangle” 
(B, a u T3). 
The knot type of the spanning arc b (respectively c) in B, which is trivial by the 
locally unknotted hypothesis, is the composition of the knot type of b in T’ with 
the “knot type” of T3 in B. Thus each of b, c is unknotted in T3 and T’ is “unknotted” 
in B. Since T3 is “unknotted” in B, the unknotted (hence, locally unknotted and 
free) O-curve G-a is in standard position as Fig. 3(b), with T3 playing the role 
of B. Consequently, as in the proof of Theorem 2.2, the tangle ( T3, b u c) is just a 
2-braid. 
Also, since b is unknotted in T3, we may now view T3 as a regular neighborhood 
of b in B. The &curve G - c is unknotted and in standard position (using B), so 
again invoking the proof of Theorem 2.2, we have that the tangle (B, a u b) is a 
Ib) 
. 
. . 
(Cl B 
Fig. 7. Families of graphs satisfying the unknotting conjecture. 
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2-braid. Since T3 is just a thickened string b, we see that the string a and solid tube 
are simply twisted as a 2-braid. 0 
Comments. As noted in the introduction, the proofs of Theorems 2.1-2.3 can be 
modified to verify the unknotting conjecture for various infinite families of graphs, 
e.g. Fig. 7(a, b). The family in Fig. 7(c) satisfies the conjecture because of Gordon’s 
algebraic characterization of n-string untangles [lo]. 
3. Examples and a mutation/reduction algorithm 
In this section we look at four types of examples of minimally knotted graphs. 
Example 3.1 is an example of Suzuki [33] which he proves is knotted by using 
elementary ideals. We also use elementary ideals to prove that Example 3.2 is knotted. 
We prove that Examples 3.8 and 3.9 are knotted by developing an inductive 
algorithm (see Theorem 3.3 and Corollary 3.5) that starts with any trivalent graph 
G and produces a graph G,, (not unique) that is trivalent, has 2 fewer vertices than 
G, and for which G,, nonplanar embedded implies G nonplanar embedded. We 
apply the algorithm repeatedly to our examples, until we obtain a nontrivial link. 
Therefore the original graphs are knotted. In passing from G to G,, we first construct 
a “mutation” of G, G,, and then choose G,.c GI. 
The method of constructing the embeddings in Examples 3.2, 3.8, and 3.9 by 
using a “clasp” involving each edge of the graph ensures that the embedding is 
locally unknotted. This method can be used to construct locally unknotted embed- 
dings of any planar graph and these embeddings appear to be nonplanar, but proving 
this becomes more difficult as the graphs become larger. The obvious conjecture is 
that every planar graph has a minimally knotted embedding. 
Example 3.1. Suzuki has exhibited a family of locally unknotted 0,-curves in [33] 
(Fig. 8) that he showed to be knotted by using elementary ideals, as in [8, 14-16, 
31, 321, concluding that the knot groups are not free. 
” s . : 3 . . 5 . 1 s 
Fig. 8. Suzuki’s &,-graphs. 
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Example 3.2. Let G be the wedge of n circles illustrated in Fig. 9. By construction, 
G is locally unknotted. We prove that G is knotted by showing that its group, II, 
is not free. In terms of the generators Ui, bi (i = 1,. . . , n), we have 
I-I=(u,, b, ,..., an, bn I{bibi+lbi’aia;:,a,‘}i=,,...,.> 
(where we identify n + 1 and 1). 
Using {a,, . . . , a,} as a basis for II/II’, we compute the n x 2n Alexander matrix 
fi of the Abelianized free derivatives [8] for the above presentation. Since each 
column corresponding to a generator bi is just the negative of the column correspond- 
ing to ai, the matrix %? is equivalent to the following M, with n columns of O’s 
adjoined. 
&‘(a>- 1) -1 0 . . . 0 0 
0 u;‘(u3-l) _I . . . 0 0 
0 * . . 
M= . 
0 u,‘(u,- 1) 0 0 
0 0 0 . . . u,i,(u, - 1) -1 
\ -1 0 0 
. . . 0 u,‘(u, - 1) 
If II were free (so free of rank n), then [8] the nth elementary ideal of 6l, that 
is the principal ideal (det M), would be the whole group ring Z[u;‘, . . . , a:‘]. But 
detM=a;‘(u,-l)u;‘(u,-l)... a,‘(~, - 1) - 1. To see that this ideal is proper we 
note that the function Ui +2, a;‘+2”p’ (i = 1,. . . , n) defines a representation of 
Z[&‘, . . . ) a;‘] onto Z/(2” - l)Z that annihilates the ideal. 
We now develop the preliminaries necessary for Theorem 3.3. 
Let G be a graph which has two vertices of order three connected by an edge 1. 
Let B=lx[-1, l] be a band where 1=/x(O) and aB-((lx{-l})u(Zx{l})) is 
Fig. 9. Minimally knotted S’ v . . v S’. 
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Fig. 10. Constructing band B. 
contained in G (see Fig. 10). Let (Y = 1 x (-1) and p = 1 x (1). Let a, c be the endpoints 
of (Y and let b, d be the endpoints of p, with a, b at one end of B and c, d at the 
other end. Insert twists in the band B as follows. 
Case 1. If there exists a pair of disjoint paths in G-B which connect the points 
a, b to the points c, d in either order, then choose one such pair of paths (Y’, /3’ 
and inserts twists in the band B so that LY u p u LY’U /3’ is a two-component link 
with linking number zero. 
Case 2. If there does not exist a pair of disjoint paths in G - B which connect 
the points a, b to the points c, d in either order, then any twisting may be inserted 
in the band. 
Let GB = G u B where B is any band obtained as above. 
Theorem 3.3. Let G be a graph in S3 which has an edge 1 which connects two vertices 
of order three. Then G is planar embedded if and only if GB is planar embedded. 
We shall prove Theorem 3.3 after discussing some implications. 
Corollary 3.4. If G is planar embedded, then any graph contained in GB is planar 
embedded. 
Definition. We call the graphs G, and GIS which are illustrated in Fig. 11, mutation 
of G and reduction of G respectively. 
The above corollary implies that if G is planar embedded, then both G, and G,, 
are planar embedded. 
Corollary 3.5. When constructing the band B it may happen that there are two diflerent 
choices of pairs of paths which require a diRerent number of twists of the band B 
resulting in G, and Gs,. In this case the embedding of G is nonplanar. 
Proof. If G is planar embedded, then G, and GB, are both planar embedded by 
the theorem. Let crou~Ou (Y~uPA and CU,U/~~U cw; up; be the links with zero 
x SC x 
Fig. 11. G,, mutation G,, and reduction G,,. 
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linking numbers corresponding to G, and Gs,. If the two twisting numbers are 
different but have the same parity, then (Ye u PO u CY: u pi is a two-component link. 
Since G, is planar embedded, this link is planar and has zero linking number. 
Therefore each of the bands actually required the same number of twists. If the two 
twisting numbers have different parity and 1 is the core of Bo, then cy i u pi u aBo u I 
is a K,,, which is contained in G,. Therefore G, is nonplanar. By the theorem G 
is nonplanar. 0 
Corollary 3.6. If G is a graph that contains only vertices of order three, then a link L 
(not unique) can be constructed so that if L is nontrivial, then G is a nonplanar 
embedding. 
Proof. Suppose G contains n vertices of order three. Then n is even since G contains 
Gn edges. Choose an arc in G which connects two vertices of order three and obtain 
a corresponding GI.. This reduced graph has two vertices less than G. By the 
theorem, if the embedding of G,, is nonplanar, then the embedding of G is nonplanar. 
Since n is even, this process can be repeated until there are no vertices. The result 
is the required link L. 0 
To prove Theorem 3.3 we will need to use the fact that if two projections of 
graphs are isotopic (in the PL category), then the isotopy can be realized by a 
sequence of generalized Reidemeister moves for graphs which are illustrated in Fig. 
12. These moves have been described in recent preprints of Kauffman, Yamada, 
Yetter, and Millett-Wolcott. Detailed proofs that these moves suffice are given in 
[12] and also [23]. 
Proof of Theorem 3.3. If Gs is planar embedded, then G is planar embedded since 
G c G,. If G is planar embedded, then there is a sequence of the generalized 
Reidemeister moves for graphs which transform a given projection of G to a 
‘2 
. n l *. y-w n 
/ 
R-l 
R-III 
Fig. 12. Generalized Reidemesister moves. 
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projection of G which is contained in a plane P. We observe that applying these 
Reidemeister moves to G may twist the band B. Moves R-II and R-III do not twist 
B but R-I does. First, if R-I involves 1 but does not involve a vertex, a full twist is 
inserted into B. If R-I braids the two arcs, other than Z, which emanate from an 
endpoint of 1, then B is twisted one half twist. Lastly, if braiding about an endpoint 
of 1 is needed which involves the arc 1, Fig. 13 shows that we can obtain this type 
of braiding by doing the above type of braiding, and R-II, and R-I not involving a 
vertex. Therefore, after applying the sequence of moves which makes G planar 
embedded we have that G, is planar embedded except possibly for some twisting 
in B. We now show that this twisting is either nonexistent or can be eliminated. 
Fig. 13. Braiding involving I obtained by braiding not involving I, R-I, and R-II. 
If the twisting of the band was determined by Case 1, then the twisting is zero 
since we chose it so that the linking number of the two-component link is zero. If 
the twisting of the band was determined by Case 2, let U and V be the components 
of P- G which are on opposite sides of 1 ( U may equal V). If (closure(U) n 
closure( V)) - 1 = 0, then the boundaries of the closures of U and V contain disjoint 
paths as in Case 1. Therefore, (closure( U) n closure( V)) - I f 0. 
Let z E (closure( U) n closure(V)) - 1. Let y E I (y f endpoint) and choose a path 
between y and z whose interior is contained in U and a similar path between y 
and z which is contained in V. Let 77 be the simple closed curve in P which consists 
of the union of these two paths. The curve r] bounds a disk D in P and the boundary 
of a 3-cell D x I (I = [-1, I] and D = D x(0)) is a two-sphere S which intersects 
G in at most the two points y and z (just y if z is not contained in G). We can 
now twist the three-ball bounded by S about an axis joining y and z, any number 
of times, so that the band B becomes untwisted and GB is contained in a plane 
(see Fig. 14). 0 
Now we use the above methods to prove that the graphs in Figs. 15, 16, and 17 
are nonplanar. 
Fig. 14. Untwisting the band B. 
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Fig. 15. Mutation and reduction of Kinoshita’s theta-curve. 
Fig. 16. Minimally knotted double theta G and its reduction to a link L. 
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Fig. 17. Minimally knotted K,-graph G and its reduction to a knot K. 
Example 3.7. Figure 15 illustrates a mutation and reduction of Kinoshita’s theta- 
curve. The resulting link is nontrivial so Theorem 3.3 implies that the theta-curve 
is nonplanar embedded. 
Example 3.8. Let G be the locally unknotted double theta-curve illustrated in Fig. 
16. By reducing G twice we obtain the link L. This link is nontrivial. (A lifting of 
one component of L in the infinite cyclic cover of the complement of the other 
component is a link with an infinite number of components. Each component of 
this lifting is a nontrivial knot since a calculation of its Alexander polynomial at 
t = -1 via a checkerboard diagram shows that A(-1) = 57.) By Theorem 3.3, G is 
nonplanar embedded and is therefore minimally knotted. 
Example 3.9. Let G be the locally unknotted &graph illustrated in Fig. 17. By 
reducing G twice we obtain the knot K. A computer calculation of the “homtly” 
polynomial of K shows that it is nontrivial. By Theroem 3.3, since K is nonplanar 
embedded, G is nonplanar embedded and thus G is minimally knotted. 
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